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1 General Hydrodynamic Equations

HELIOS-CR is a 1-D radiation-magnetohydrodynamics code that is used to simulate the
dynamic evolution of plasmas created in high-energy-density physics (HEDP) experiments
[1]. HELIOS-CR solves Lagrangian hydrodynamics equations for plasmas in planar, cylin-
drical, and spherical geometries. Plasmas may be composed of a single material or multiple
layers (or regions) of materials. While radiation-hydrodynamics codes typically rely on
equation of state and opacity databases that are generated under the assumption of local
thermodynamic equilibrium (LTE), HELIOS-CR provides the added capability to simulate
the non-LTE kinetics of plasmas by solving multi-level atomic rate equations at each time
step in the simulation. This can be particularly important when modeling experiments in
which deviations from LTE can significantly affect the overall energetics of the plasma, such
as when radiation energy losses represent a significant fraction of the overall energy budget.

HELIOS-CR solves the equation of motion for a single fluid. Electrons and ions are
assumed to be co-moving. Pressure contributions to the equation of motion come from
electrons, ions, radiation, and the magnetic field. Energy transport in the plasma can be
treated using either a one-temperature (Te = Ti) or two-temperature (Te ̸= Ti) model.
Both the electrons and ions are assumed to have Maxwellian distributions defined by their
respective temperatures Te and Ti.

In Lagrangian hydrodynamics, the spatial grid moves with the fluid. No mass crosses
volume element boundaries. It is useful to express the spatial coordinate in terms of the
independent Lagrangian mass variable:

dm0 = ρ (r) rδ−1dr, (1)

where ρ is the mass density, r is the spatial position (i.e., the radius in cylindrical and
spherical geometries), and δ = 1, 2, or 3 for planar, cylindrical, or spherical geometry,
respectively. In this system, the continuity (mass conservation) equation is automatically
satisfied.

The momentum conservation equation is solved in the one-fluid approximation, where
the plasma electrons and ions are assumed to flow together as a single fluid. The momentum
conservation equation is given by:

∂u

∂t
= −rδ−1 ∂

∂m0

(P + q)− 1

8πr

∂

∂m0

(r2B2), (2)

where u is the fluid velocity, t is the time, P is the total pressure due to electrons, ions, and
radiation, q is the von Neumann artificial viscosity, and B is the magnetic field induced by
the axial current (non-zero for cylindrical geometry only). The artificial viscosity, which is
included in the equation of motion to handle shocks, effectively smooths the shock over a
small number of zones.

The conservation-of-energy equations are written in terms of temperature diffusion equa-
tions for the electrons and ions, and are given by:

Cv,e
∂Te

∂t
=

∂

∂m0

(
rδ−1Ke

∂Te

∂r

)
−ωei (Te − Ti)−

[
∂Ee

∂V
+ Pe

]
∂V

∂t
Te +RAbs −REmis +Ψ+Se,

(3)
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and

Cv,i
∂Ti

∂t
=

∂

∂m0

(
rδ−1Ki

∂Ti

∂r

)
+ ωei (Te − Ti)−

[
∂Ei

∂V
+ Pi

]
∂V

∂t
Ti − q

∂V

∂t
, (4)

where Cv,e ( Cv,i ) is the electron (ion) specific heat, Ke ( Ki ) is the electron (ion) thermal
conductivity, Ee ( Ei ) is the electron (ion) specific internal energy, ωei is the electron-ion
collisional coupling term, Se is the source term due to laser or external electron/ion beam
energy deposition, Ψ is the joule heating term (for MHD option), and RAbs and REmis are
the radiation absorption and emission terms.

2 Classical Laser Deposition Model

The existing laser deposition model in HELIOS-CR utilizes ray tracing algorithms for spher-
ical, cylindrical, and planar geometries. It is assumed that laser light propagates through the
plasma instantaneously. Effects due to the polarization of laser light are currently neglected.
User input to HELIOS-CR includes the laser wavelength (λL), the time-dependent incident
laser power (PL(t)), and the boundary at which the incident laser source originates. Laser
energy is deposited in the plasma using an inverse Bremsstrahlung model when the electron
density is less than the critical density. For laser light with a wavelength λL, the critical
density is given by [2]:

ne,crit =
ε0me

e2
ω2
L = (1.11× 1021cm−3)λ−2

L,µm, (5)

where ε0 is the permittivity in free space, ωL = 2πc/λL is the angular frequency of the laser
light, c is the speed of light, λL,µm is the laser wavelength in nm, and me and e are the
electron mass and charge, respectively. Laser energy is not allowed to penetrate beyond
the critical surface. The depth at which the laser light penetrates is determined from the
absorption coefficient [3]:

κ = (2π)1/2
(
16π

3

)
e6

c(mekTe)3/2
Zn2

e

ln Λei

ω2
L

√
1− (ωP/ωL)2

, (6)

where k is Boltzmann’s constant, ne is the electron density, Te is the electron temperature,
Z is the mean charge of the plasma, ωP = (4πe2ne/me)

1/2 is the plasma frequency, and lnΛei

is the electron-ion Coulomb logarithm.
In planar geometry, the laser deposition source term Se is computed by solving an integral

form of the radiative transfer equation along a single ray which has an angle of incidence
θ with respect to the surface normal. In spherical and cylindrical geometries, the beam is
modeled with multiple rays contained within a cone of half-angle α converging to a point
F located at a distance d from the origin (see Figure 1(a)). Each ray within the cone has
a power such that the beam intensity is uniform throughout the cone. In addition, each
ray is allowed to refract (i.e., change angles) as it propagates through the plasma. The
refraction is computed using a geometrical optics model with the plasma refractive index
being governed by local values of electron density. Figure 1(b) shows an example of rays
propagating through a spherical plasma. In HELIOS-CR v.12.0.0 (August 2026 release), an
option to visualize ray tracing has been implemented (for spherical geometry only). The
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Figure 1: Schematic illustrations showing: (a) laser beam cone and target geometry for
spherical plasma simulation, and (b) example of refraction of laser beam rays for a spherical
target.

color of each line segment indicates the remaining power in each ray. The total source term
is obtained by summing over all rays. HELIOS-CR also supports non-zero laser spot size at
the focal point with either uniform or Gaussian distribution of laser power. The power in
each ray for ray tracing is adjusted according to the specified distribution.

HELIOS-CR also has an option to include the effect of laser absorption on atomic bound-
bound and bound-free transitions based on the information contained in opacity databases.
Users can also specify a fraction of the laser energy that can be reflected off the critical
surface.

3 Classical Conductivity Model

The conduction coefficients are the classical, Spitzer values of thermal conductivity and
electron-ion coupling [4]. The electron thermal conductivity in Equation 3 is given by:

Ke = 20

(
2

π

)3/2
(kBTe)

5/2 kB εδT

m
1/2
e e4Z ln Λei

, (7)

where the correction for the ionization stage of the plasma is defined as:

εδT (Z) =
0.43Z

(3.44 + Z + 0.26 lnZ)
. (8)

This correction is important for accurate calculation of conductivities, especially for
weakly-ionized plasmas where the function varies rapidly with Z. The implementation of
this correction differs across hydro codes:

FLASH [5]: εδT (Z) =
(
8
π

)3/2 1

Z
(
1 + 3.3

Z

) ,
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MULTI- FS [6]: εδT (Z) =
3

4
√
2π

· 3.22(Z + 0.24)

Z(1 + 0.24Z)
,

HYADES Equ. 3 [7]: εδT (Z) =
3

4
√
2π

· γ0
δ0 Z

,

HYADES Equ. for ϵδ: εδT (Z) = 20
(
2
π

)3/2 15π

256

z(433z + 45)

z(217z + 151) + 9
.

We have found, however, that the functional dependence on Z is similar for all approxi-
mations (Figure 2) and does not significantly alter the conductivity values.
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Figure 2: Mean ion charge correction for electron conductivity.

There are various approximations for the electron-ion Coulomb logarithm (lnΛei). The
default model implemented in HELIOS-CR v.12.0.0 (August 2026 release) is computed based
on a combination of formalisms by Skupsky [8] at low electron energies and by Mehlhorn [9]
at high energies.

The ion thermal conductivity in Equation 4 is given by:

Ki = 20

(
2

π

)3/2
(kBTi)

5/2 kB

m
1/2
i e4Z4 ln Λii

, (9)

where

lnΛii = max

{
5, 24− ln

(√
2niZ

3

T
3/2
i

)}
.

Spitzer conductivities are expected to be accurate at high temperatures. Plotted in Figure 3
are temperature-dependent conductivities for Al near solid density computed with Spitzer,
using SESAME tables [10], and the Lee-More model [11]. The differences between the models
for the temperatures below 10 eV are substantial. Additional conductivity benchmarks can
be found in section 6 of this report.

5



C
o

n
d

u
c

ti
v

it
y

 (
W

/
c

m
/

e
V

)





























1e+02

1e+03

1e+04

1e+05

1e+06

1e+07

1e+08

1e+09

Temperature (eV)

1e+00 1e+01 1e+02 1e+03

Spitzer

SESAME

Lee, More 1984

Al, 2.5 g/cc

Figure 3: Temperature-dependent conductivities for Al near solid density computed with
different models.

In finite-difference form, the thermal conductivities must be evaluated on the zone bound-
aries; hence averaged quantities from the adjacent zone centers must be used. This average
is taken using the zone width weighted harmonic mean:

Ke =
∆r+j +∆r−j
∆r+j
K+

ej

+
∆r−j

K−1
ej

, (10)

where

∆r+j = rj+1 − rj (11)

∆r−j = rj − rj−1 (12)

K+
ej
=

Conste T
2
ej
T

1/2
ej+1/2

εδT (Zj+1/2) (lnΛei)j+1/2

K−
ej
=

Conste T
2
ej
T

1/2
ej−1/2

εδT (Zj−1/2) (lnΛei)j−1/2

. (13)
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A similar expression is used for the ions, with

K+
i =

Consti T
2
ij
T

1/2
ij+1/2

(Aj+1/2)1/2 (Zj+1/2)4 (lnΛii)j+1/2

K−
i =

Consti T
2
ij
T

1/2
ij−1/2

(Aj−1/2)1/2 (Zj−1/2)4 (lnΛii)j−1/2

, (14)

where Conste and Consti correspond to appropriate numerical factors. These expressions
will most heavily weight the lowest conductivity in the zones centered at j +1/2 or j − 1/2.
Several benchmark simulations and comparisons against analytic solutions are presented in
section 6 of this report.

In the presence of strong thermal gradients, that is, large fluxes, the diffusion approxima-
tion can break down and predict unphysically large thermal fluxes. To adjust for this, the
electron thermal conduction is augmented with a flux limiter. This maximum permissible
flux is defined classically (see, for example, [5]):

qmax = CFLnekBTe

(
kBTe

me

)1/2

, (15)

where CFL is a user-specified multiplicative constant. The typical value for this constant is
0.06. In finite difference form, this is expressed as

qn+1/2
maxj

= CFLm
−1/2
e (nn+1/2

ej−1/2
+ nn+1/2

ej+1/2
)T n+1/2

ej

[
(T n+1/2

ej−1/2
)1/2 + (T n+1/2

ej+1/2
)1/2
]
. (16)

Note that this quantity is evaluated on a zone boundary. The flux limit is implemented by
redefining the matrix elements in the system of equations for the electron temperatures as

(r
n+1/2
j )δ−1

∆rj+1/2

K+
ej

+
∆rj−1/2

K−
ej

+
|T n+1/2

ej+1/2 − T
n+1/2
ej−1/2 |

qmaxj

(harmonic), (17)

(r
n+1/2
j )δ−1(∆rj+1/2

K+
ej

+
∆rj−1/2

K−
ej

)2

+

(
|T n+1/2

ej+1/2 − T
n+1/2
ej−1/2 |

qmaxj

)2
1/2

(Larsen), or (18)

(r
n+1/2
j )δ−1min

(∆rj+1/2

K+
ej

+
∆rj−1/2

K−
ej

)−1

,
qmaxj

|T n+1/2
ej+1/2 − T

n+1/2
ej−1/2 |

 (min/max). (19)

Options for Larsen and min/max limiters have been implemented in HELIOS-CR v.12.0.0
(August 2026 release).
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3.1 Electron-Ion Coupling Coefficient

The electron and ion temperatures are coupled by the expression

∂Te

∂t
=

Ti − Te

tei
, (20)

where tei is the characteristic electron-ion collision time. In terms of the electron and ion
diffusion equations, this expression becomes

Cve

∂Te

∂t
= · · ·+ Cve

tei
(Ti − Te) + · · ·

hence, the definition of the coupling coefficient in Equations 3 and 4 is

ωc =
Cve

tei
= Cveνei (21)

where the electron-ion collision frequency is defined in the classical Spitzer form:

νe =
4
√
2π ln Λe4Zne

3
√
me(kTe)3/2

. (22)

The same expression for the collision frequency is used in Equation 7 for the thermal
conductivity.

4 Conductivity Model and Benchmarks for Plasmas

with Degenerate Electrons

For high-temperature, weakly coupled plasmas, a well-established classical theory for the
electron-ion collision frequency νei exists. HELIOS-CR currently utilizes a simple parametric
formalism that describes νSp ≡ νei in terms of plasma temperature, average ionization, and
other plasma properties according to Equation 22.

This approach, however, may not be adequate for warm dense matter (WDM) and metal-
like solids, when electrons become degenerate. Additional complications arise due to the
effect of bound electrons and strong ion-ion correlations. In metals, the electron collision
frequency is known to scale linearly with electron temperature, not as T

−3/2
e as prescribed

by the classical theory. At low temperature, metal electrons scatter due to electron–phonon
interactions, and the basic parametric structure of the collision frequency is obtained as:

νep = Kwdm
e2

ℏvF
kTi

ℏ
, (23)

where Ti is the ion temperature describing phonons, vF = (3π2ne)
1/3ℏ/me is the charac-

teristic Fermi velocity of the degenerate electron gas, and Kwdm is a semi-empirical factor
absorbing the coupling strength and effective-mass effects omitted by the free-electron es-
timate. It should be calibrated to a measured quantity: e.g., for aluminium, the
room-temperature value inferred from the measured reflectivity at 400 nm, νAl ≃ 8.5e14s−1,
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requires Kwds ≈ 18.8. The collision frequency can be normalized independently for the
three channels—the laser deposition (via the dielectric function), the electrical and thermal
conductivity, and the electron–ion heat exchange. Each normalization should therefore be
adjusted to the corresponding measured quantity—the laser reflectivity, the conductivity,
and the electron–ion energy exchange—for the particular metal and temperature range of
interest.

To make the transition from the WDM regime to the high-temperature Spitzer regime,
the two forms are combined by a harmonic interpolation and capped at the Ioffe–Regel
ceiling,

νEP = min

[(
ν−1
wdm + ν−1

Sp

)−1

,
ve
R0

]
, (24)

where ve =
√

v2F + v2th and R0 =
(

3
4πni

)1/3
.

The ceiling reflects that the mean free path ℓ = ve/ν cannot fall below the interatomic
spacing R0: once ℓ ∼ R0, the electron scatters before completing a single oscillation and
the quasiparticle picture breaks down (resistivity saturation). Because ve =

√
v2F + v2th, the

ceiling is flat at vF/R0 in the degenerate regime (Te ≲ TF ) and rises as
√
Te once thermal

motion dominates.
A different approach based on the Drude-Sommerfeld model has also been implemented.

It attributes the dominant part of the collision frequency to electron–ion collisions, just
as in the case of a classical plasma, but now taking into account electron degeneracy in
warm dense matter and modifications in Coulomb scattering which apply to slow electrons.
With this approach, the dynamical collision frequency is well suited for laser absorption and
has appropriate dependence on the electron temperature and laser frequency. In the limit
mvth

3/(Ze2ωL) < 1, the collision frequency can be expressed as:

νwdm =
4π2e2/3Γ(1/3)

15 · 35/6Γ(2/3)
Ze4ne

m2
ev

2
th

(
mev

3
th

Ze2ω̃

)〈vth
v

〉
, (25)

where ω̃ = max(ωL, ωP ). Averaging the velocities over the Fermi distribution function
f(ϵ) = 1 + e(ϵ−µ)/kTe , including Pauli blocking, gives:

〈vth
v

〉
=

3vth
mv3F

∫ ∞

0

f(ϵ) (1− f(ϵ+ ℏωL)) dϵ = 3
(vth

v

)3
ln

(
1 + ey

1 + ey−z

)
(1− e−z)−1, (26)

where we introduce variables y and z that represent µ/kTe and ℏωL/kTe respectively, and µ
is the chemical potential that can be estimated to a good precision with simple parametric
formulas, e.g. Equation 10.35 in [12].

A smooth transition between the WDM and Spitzer regime can be expressed in this form:

νDS(Te, ωL) ≃ 2
√
2π

Ze4ne

m
1/2
e (kTe)3/2

ln

[
1 +Kds

1.32√
2π

kTe

m
1/3
e (Ze2ω̃)2/3

]
F (Te, ℏωL), (27)

with the Fermi factor having appropriate asymptotic behavior:
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F (Te, ℏωL) =
√

π/2⟨vth/v⟩ →
{

3/4
√
π/2 vth/vF min(ℏTF , 1) Te → 0,

1 Te → ∞,
, (28)

where the free parameter Kds has a default value of 1, but can be adjusted.
The three models for electron-ion collision frequency calculation have been implemented

in HELIOS-CR by Equations 22, 24, and 27. They are referred to as Classical, Electron-
phonon, and Drude-Sommerfeld, respectively. Classical and Electron-phonon models are
enabled as options for electron thermal conductivity (Ke ν−1

ei and the electron-ion coupling
coefficient (Equation 21). Drude-Sommerfeld has an explicit dependency on the laser fre-
quency and is only available for the laser deposition model, as discussed in Section 5. For
each spatial region in HELIOS-CR, the model choice for conductivities can be specified in-
dependently. In the case of the electron-phonon model, the values for Kwdm are required as
input. The default values for Kwdm are the ones given in [6], and it is up to the user to deter-
mine these empirical factors for other regimes, most likely by comparing with experimental
results. The differencing scheme for conductivity is slightly modified compared to Equation
13 to be consistent with [6]. From cell-centered conduction values Kcell

j , the zone-boundary
conduction values Kint

j can be determined as follows:

Kint
j =

Kcell
j /T

3/2
e,j +Kcell

j−1/T
3/2
e,j−1

2
×

T
3/2
e,j + T

3/2
e,j−1

2
. (29)

Regardless of the choice for the collision frequency, the flux limiters are implemented
according to Equations 17, 18, or 19.

Figure 4 compares the collision frequencies obtained from the HELIOS-CR simulations
with these models as a function of the electron temperature. The collision frequency has the
correct three-regime shape—a linear increase with the temperature, a degenerate electron–
phonon plateau bounded by the ceiling, and a Spitzer decline. The empirical constant Kds

affects mostly the low-temperature (Te ≲ 10eV ) branch: the larger the constant, the higher
the collision frequency. Above ∼ 800eV the simulation results agree across the different
models except the Drude–Sommerfeld model. The Drude–Sommerfeld model gives signifi-
cantly lower values across the whole range below ∼ 1keV before merging with the Spitzer
branch.

5 Short-Pulse Laser Deposition Model and Benchmarks

Although the deposition models in HELIOS-CR have been extensively tested for simulations
that include longer nanosecond-scale laser pulses, they may not be adequate for ultra-short
pulses. Therefore, we have developed a new model for the laser energy deposition suitable
for sub-picosecond laser pulses with intensities up to 1017 W/cm2. In this new development,
Prism has closely followed the formalism implemented in the MULTI-fs code [6, 13].

Due to ultra-short interaction times, the laser-matter interaction occurs on very steep
fronts. If the plasma scale length is comparable to the laser wavelength, a full solution of
Maxwell’s equations has been implemented. In the quasi-stationary approximation, propa-
gation of an electromagnetic wave with frequency ωL in the plasma with complex dielectric
constant ϵ can be described by the following equations:
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Figure 4: Collision frequency versus electron temperature for aluminium at solid density.
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model lies below and merges with the Spitzer branch at high temperature, and the Ioffe–
Regel ceiling ve/R0 (dotted) caps the collision frequency. The Fermi temperature TF marks
the degenerate–classical boundary.
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dV (r)

dr
= ipβU,

dU(r)

dr
= i

β

p
V, (30)

where functions U(r) and V (r) represent the complex amplitudes of the oscillatory electric
and magnetic fields at the position r. For s-polarized light, p =

√
ϵ− α2 and β = ωLp/c.

For p-polarized light, p =
√
ϵ− α2/ϵ and β = ωLpϵ/c. Parameter α is defined as k⊥c/ωL

with the transversal component k⊥ of the wavenumber k.
Let us consider a material layer located between positions r1 and rN+1 with the laser

propagating from the left from a vacuum region. In vacuum, ϵ = 1 and α reduces to sin θ,
where θ is the angle of incidence of the laser light into the region. Therefore, outside of
the material layer, p = cos θ and the amplitudes of waves propagating in the positive and
negative direction are C± = 1

2
(U ± V/ cos θ). With the laser intensity defined as IL, the

boundary conditions cor C at positions r1 and rN+1 become:

√
8πIL
c

= C+

∣∣
r=r1

=
1

2

(
U1 +

V1

cos θ

)
and 0 = C−

∣∣
r=rN+1

=
1

2

(
UN+1 +

VN+1

cos θ

)
. (31)

In order to solve for U(r) and V (r), equation 30, subject to boundary conditions 31,
needs to be integrated.

In the material, the complex dielectric constant is evaluated from local zone-centered
material properties:

ϵ̂ = 1− ω2
P

ω2(1 + iνe/ω)
, (32)

ω2
p = 4πe2ne/me is the plasma frequency and ω is the laser frequency.
The wave equation for the laser fields U or V propagating through the plasma follows

from the Maxwell equations and takes the Helmholtz form

d2(U/V )

dr2
+

ω2

c2
ε̂(ω) (U/V ) = 0, (33)

so the dielectric function ε̂ sets the spatial behaviour of the field: where Re ε̂ > 0 the wave
propagates, and beyond the critical surface (Re ε̂ < 0, i.e. ne > nc) it becomes evanescent.
For a slowly varying density profile, the solution of the wave equation (the WKB limit of
the Helmholtz equation) is

(U/V )(r) ∼ exp

(
i
ω

c

∫ r√
ε̂(ω) dr′

)
, (34)

so the dielectric function directly sets the propagation and damping of the field: the real
part of

√
ε̂ gives the phase, and its imaginary part—carried by the collision frequency νei

through Eq. (32)—attenuates the wave and produces absorption.
The material properties are assumed to be constant within each hydro cell j; therefore,

at a boundary between cells j and j + 1, equation 30 can be solved analytically to find the
field values:

12



[
Uj

Vj

]
=

[
cos(βj△rj) − i

pj
sin(βj△rj)

−ipj sin(βj△rj) cos(βj△rj)

] [
Uj+1

Vj+1

]
. (35)

Using boundary conditions 31, one can determine the values of U and V at the interface
N + 1, and system 35 can be solved recursively to obtain U and V on all cell boundaries.
The net laser energy flux can then be computed as follows:

ϕj =
c

16π
(UjV

∗
j + VjU

∗
j ). (36)

The value IL cos θ − ϕ1 at the material interface 1 represents the power flux reflected by
the region, while ϕN+1 represents the power flux transmitted by the region.

The laser deposition source term Se in the discretized form of the electron energy equation
3 can be easily expressed through the differences of the net fluxes across the cell boundaries.

Se,j ∼
ϕj − ϕj+1

mj

. (37)

To validate the implementation of the wave-solver algorithm, the comparisons described
below have been performed. The HELIOS-CR results correspond to the first computa-
tional cycle—the stage at which the plasma parameters have not yet been affected by the
laser propagation. The effective charge Zeff and the ion density are taken directly from the
code and substituted into the analytic expressions, so that any discrepancy arising from the
equation-of-state data is eliminated.

The general solution to Eq. 30 is:

U(r) = C+e
iβr + C−e

−iβr,

V (r) = p(C+e
iβr − C−e

−iβr).
(38)

For the case of constant plasma conditions, the plasma can be treated as a single cell,
and the boundary conditions in Eq. 31 reduce to:√

8πIL
c

=
1

2
(U(0) + V (0)) and 0 = U(R) + V (R). (39)

where R is the maximum plasma node position, and the angle of incidence θ is zero (normal
incidence). Applying these boundary conditions, Eq. 38 becomes a system of equations
which can be solved for C+ and C−. Since β and p are determined by plasma conditions
(including νe), this determines U and V exactly, and the laser deposition can be calculated
by Eq. 37. The calculated laser power deposited is compared between the analytic solu-
tion, HELIOS-CR, and MULTI-fs in Figure 5 for the first simulation cycle of an aluminum
plasma, at solid density and room temperature, with a 500 TW/cm2 laser at 400 nm for both
the Drude-Sommerfeld and Electron-phonon νe models. HELIOS-CR agrees very well with
MULTI-fs and with the analytic solution. In these comparisons, HELIOS-CR and MULTI-fs
are run with 300 zones. MULTI-fs and HELIOS-CR are both run with constant zoning. For
the analytic solution, the values for β and p are taken from the HELIOS-CR calculation.
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Figure 5: Deposition of a 500 TW/cm2, 400-nm laser compared between HELIOS-CR,
MULTI-fs, and the analytic solution for constant plasma conditions for a room-temperature
aluminum plasma at solid density, for both the Electron-phonon and Drude-Sommerfeld νe
models.

This means that the comparison with the analytic solution is a test of the laser deposition al-
gorithm, while the comparison with MULTI-fs is a test of both the laser deposition algorithm
and the νe calculation for both models.

5.1 Uniform-slab limit: analytic Fresnel absorption

For a uniform slab of constant density and temperature, the absorption follows from the
same Fresnel result at the vacuum–plasma interface,

A = 1−R, R =

∣∣∣∣∣1− N̂

1 + N̂

∣∣∣∣∣
2

, N̂ =
√
ε̂ =

√
1−

ω2
p

ω(ω + iν)
, (40)

evaluated with the electron density, temperature, and collision frequency held constant across
the slab.

For aluminium at solid density and 800 nm, with Te = 30 eV and the Drude–Sommerfeld
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collision frequency νDS ≃ 4.36× 1015 s−1 (ν/ω ≃ 1.85), the dielectric function is

ε̂ = 1−
ω2
p

ω(ω + iν)
≃ −22.4 + 43.4 i, N̂ =

√
ε̂ ≃ 3.63 + 5.97 i, (41)

so that

R =

∣∣∣∣∣1− N̂

1 + N̂

∣∣∣∣∣
2

≃ 0.746, A = 1−R ≃ 0.254 (25.4%). (42)

The large negative Re ε̂ confirms that the wave is evanescent in the target (a skin layer of
depth δ = c/(ω Im N̂) ≃ 21 nm), while the finite Im ε̂—carried by the collision frequency
ν—produces the 25.4% absorption.

Figure 6 (a) shows the analytical absorption over temperature for all four collision mod-
els. The Drude–Sommerfeld model is physical across the whole range; the bare Spitzer
model gives unphysical absorption of 80 - 100 % at low temperature (due to the high colli-
sion frequency), and the bare WDM model diverges at high temperature (no lattice). The
Electron-Phonon model, with the ceiling and the Spitzer hand-off, is bounded and physical
across all temperatures.

Because the absorption is a monotone function of the collision frequency through Eq. (40),
and the low-temperature collision frequency carries an empirical coefficient—Kwds in the
electron–phonon branch of Eq. (23), or equivalently the prefactor Kds multiplying the ar-
gument of the Drude–Sommerfeld logarithm in Eq. (27)—the analytic absorption inherits a
controlled dependence on that coefficient. Varying it and propagating the result through the
Fresnel relationmaps how strongly the absorbed fraction responds to the variations
of empirical coefficients. Figure 6 shows the analytic absorption computed with different
coefficients. A larger coefficient raises the collision frequency, moves the plasma deeper into
the ν ∼ ω regime, and increases the absorbed fraction. The sensitivity is strongest in the
low-temperature, near-solid regime where the electron–phonon branch dominates, and lower
at high temperature.
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Figure 6: (a) Analytic absorption for the Drude–Sommerfeld, Spitzer, WDM, and Electron-
Phonon models. The absorption maximum near Te ∼ 10 eV (where ν ∼ ω) tests the collision-
frequency ceiling and the ionization chain. (b) Analytic absorption as a function of the
collision-model coefficient.

Figure 7 compares the analytic models with the HELIOS-CR results. The absorption is
evaluated at the plasma boundary as the difference between the incident laser power and
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the power remaining after the wave solver has accumulated the absorption across all cells.
The excellent agreement with the analytic solution verifies the correct implementation of the
wave solver.
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Figure 7: Simulations output (markers) against the self-consistent analytic absorption (lines)
for the Drude–Sommerfeld, Spitzer, and Electron-Phonon models. The absorption maximum
near Te ∼ 10 eV (where ν ∼ ω) tests the collision-frequency ceiling and the ionization chain.

Remark on the Coulomb logarithm. The Coulomb logarithm in HELIOS-CR is
evaluated with a choice of cutoffs and a low-temperature floor that differ from the analytic
prescription used in the MULTI-fs implementation (Ramis et al. 2012, Eq. 53), which is

lnΛ = 1
2
ln
(
1 +

λ2
D

b2min

)
, λD =

√
kBTe

4πnee2
, bmin = max

( Z̄e2

mev2th
,

ℏ
mevth

)
, (43)

i.e. the electron Debye length as the maximum impact parameter and the larger of the
classical distance of closest approach and the de Broglie wavelength as the minimum, with
a floor lnΛ ≥ 2. The HELIOS-CR logarithm follows the NRL formulary, uses a Debye
maximum impact parameter, and applies a different cutoff floor lnΛ ≥ 1. Since νSp ∝ ln Λ,
the difference in Coulomb logarithm conventions significantly affects the collision frequency
below Te ≈ 300 eV, as shown in Figure 4.

To remain consistent with the MULTI-fs implementation, the MULTI-fs logarithm is
always used in the wave-solver laser-deposition model together with the electron–phonon
collision model, while the HELIOS-CR logarithm is used in all other calculations. The
Spitzer model is not offered as an option for the laser-deposition model: it gives nonphysical
results at low temperature and is recovered as the high-temperature limit of the electron–
phonon model.
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5.2 Laser absorption for different polarization

Following the MULTI-fs notation, the solution of the Maxwell equations is implemented for
both s- and p-polarization, and the laser can be injected at any incidence angle between 0
and 89 degrees. To verify this implementation, the following comparison with the analytical
solution is performed.

At oblique incidence, the two polarizations diverge, following the Fresnel step-interface
relations.

Rs =

∣∣∣∣∣cos θ − N̂θ

cos θ + N̂θ

∣∣∣∣∣
2

, Rp =

∣∣∣∣∣ ε̂ cos θ − N̂θ

ε̂ cos θ + N̂θ

∣∣∣∣∣
2

, N̂θ =
√
ε̂− sin2 θ. (44)

The p-polarization reflectivity dips to a shallow pseudo-Brewster minimum (never reaching
zero, since the metal is absorbing) while the s-polarization rises monotonically toward grazing
incidence (Fig. 8).
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Figure 8: Reflectivity versus incidence angle θ at 800 nm and fixed Te = 30 eV for s- and
p-polarization: analytic Fresnel curves (lines) and simulation output (markers). The p-
polarization pseudo-Brewster dip is the most sensitive test of the oblique-incidence boundary
conditions.

Comparison of the analytical solution with simulation results (obtained in the same way
as in the previous section) is shown in Figure 8. The simulation results are in agreement
with the analytical calculations, confirming the correct implementation of the models.

5.3 Deposition profile verification

To verify the laser deposition profile under the same conditions of constant density and
temperature, an algorithm analogous to the one described in the MULTI-fs paper has been
implemented in Python for validation purposes. The full-wave (fast-physics) deposition
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model solves the stationary Maxwell equations by the transfer-matrix method of the MULTI-
fs formulation (Ramis et al. 2012, Eqs. 35–44). The field is described by two amplitudes U
(the oscillatory electric field for s-polarization, magnetic for p) and V , which, within each
uniform cell, propagate through the analytic transfer matrix(

Uj

Vj

)
=

(
cos(βj δr) − i

pj
sin(βj δr)

−i pj sin(βj δr) cos(βj δr)

)(
Uj+1

Vj+1

)
, p =

√
ε̂− sin2 θ, β =

ω

c
p, (45)

for s-polarization, with p =
√
ε̂− sin2 θ/ε̂ for p. The product of the per-cell matrices relates

the fields at the two ends of the layer. Two boundary conditions close the system: at the
front the incident amplitude C+ is fixed by the laser intensity, and at the back “no light is
incident from the right” sets C− = 0.

The absorbed power is obtained from the energy flux carried by the field. The time-
averaged Poynting flux along the propagation direction is

ϕ(x) =
c

16π

(
U V ∗ + V U∗) = c

8π
Re(U V ∗) , (46)

and in the discretized scheme, the flux and the resulting specific deposition are

ϕj =
c

16π

(
UjV

∗
j + VjU

∗
j

)
,

(
De

ρ

)
j

=
ϕj − ϕj+1

mj

, (47)

i.e. the deposited power in each cell is the divergence of the Poynting flux across it.
Figure 9 compares the analytic solution with the HELIOS-CR results for a plasma of size

1.4µm, with the inset showing a magnified view of the front region. The two profiles are in
good agreement across the whole domain: the plasma is large enough that the laser is fully
absorbed before reaching the outer boundary, so the condition of no incident power from the
right is satisfied and the boundary condition is consistent between the code and the analytic
model.

Figure 10 shows the same comparison for a plasma of size 0.14µm. Here the two profiles
disagree near the outer edge, because the domain is too small for the laser to be fully
absorbed: a finite field reaches the boundary, the assumption of no incident power from the
right no longer holds, and the boundary condition is not satisfied.

Practical note. For accurate results, the simulation must be performed on a sufficiently
large domain—one on which the laser power is fully absorbed before the outer boundary,
so that no appreciable power or absorption remains there. When this condition is met, the
analytic and code deposition profiles agree; when it is violated, as in Fig. 10, a discrepancy
appears at the edge.

5.4 Laser absorption as a function of wavelength

The Drude–Sommerfeld dielectric function of Eq. (32) is a free-electron model: it represents
the conduction electrons as a collisional plasma and contains no bound-electron (interband)
response.
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Figure 9: Deposition profile dP/dx versus depth for a uniform slab of size 1.4µm (ne/nc ≃
102.8, Te = 10 eV, λ = 800 nm): the analytic transfer-matrix solution (solid) against the
HELIOS-CR wave solver (dashed). The inset magnifies the front 0µm to 0.3µm. The laser
is fully absorbed within the domain, the outer-boundary condition is satisfied, and the two
profiles agree.
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Figure 10: Deposition profile for a smaller slab of size 0.14 µm, otherwise identical to Fig. 9.
The laser is not fully absorbed within the domain; a finite field reaches the outer boundary,
the assumption of no incident power from the right is violated, and the analytic and code
profiles disagree near the edge.
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The cold-solid absorption A = 1 − R predicted by the model is compared against the
value computed from measured room-temperature optical constants n + ik (Rakić et al.
1998; Johnson & Christy 1972 for copper), through the same Fresnel relation A = 1− |(1−
N̂)/(1 + N̂)|2 with N̂ = n + ik. The measured constants are the experimental benchmark;
the agreement with the model then measures how well the free-electron picture holds.

Table 1: Cold-solid absorption A = 1−R from measured optical constants (Rakić 1998; John-
son & Christy 1972), at the four validation wavelengths. Aluminium is nearly wavelength-flat
and free-electron-like; copper shows the interband edge near 590 nm (absorption collapses in
the infrared); titanium is strongly absorbing at all wavelengths through its d-band response.

Material 400 nm 527 nm 800 nm 1064 nm

Aluminium 7.6% 8.3% 13.2% 5.1%
Copper 49.0% 38.9% 3.6% 2.2%

Table 1 and Fig. 11 establish the domain of validity of the free-electron model:

� Aluminium is a nearly ideal free-electron metal (three conduction electrons, no low-
lying d band). The measured absorption is lower compared to the analytical solution,
probably due to a significantly higher collisional frequency compared to the exper-
imental values (νAl ≃ 8.5 × 1014 s−1 EP model gives better results if the Kwdm is
adjusted.

� Copper is free-electron-like only in the infrared. Its interband absorption edge near
590 nm (the transition responsible for copper’s colour) lifts the measured absorption to
∼40–50% in the visible, which the free-electron model cannot reproduce. In the infrared
(800 nm, 1064 nm), below the edge, the free-electron description is again reasonable,
and the measured absorption is low. The Drude–Sommerfeld model is therefore usable
for copper only for λ ≳ 800 nm.

5.5 Laser absorption comparison with experiment

The ultimate test of the laser deposition model is a direct comparison against measured
absorption. To validate its implementation in the HELIOS-CR hydrodynamic calculations,
we compare against the experimental measurements reported in Price et al. (1995) for
aluminium at 400 nm. As in the paper, the absorption is taken at the peak of the laser
intensity, which is initialized with a Gaussian shape and a duration of 3 × 10−13 s. This
confirms both the laser deposition model and its effect on the plasma dynamics, characterized
by the maximum plasma temperature reached at the peak of the laser pulse.

Figure 13 compares the simulated femtosecond absorption against the Price et al. (1995)
data. The absorption rises with intensity as the surface heats and ν evolves, reaches a max-
imum, and rolls over at the highest intensities, where the collisional description gives way
to kinetic absorption (Iλ2

µm ≳ 1017). A secondary axis maps intensity to the peak surface
temperature, so the temperature regimes identified above can be read directly off the ex-
perimental curve. The Drude–Sommerfeld model reproduces the shape of the experimental
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Figure 11: Cold-solid absorption versus wavelength for the three materials: the free-electron
Drude–Sommerfeld model (curves) against the absorption computed from measured optical
constants (markers, Table 1). Agreement is good for aluminium at all wavelengths, for
copper only in the infrared (the model misses the visible interband edge), and ....
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data with good quantitative accuracy above 30 eV, while below this temperature it overes-
timates the absorption. The Electron-Phonon model is highly sensitive to the combination
of numerical constants for the electrical resistivity (the strongest dependence), the plasma
conductivity, and the electron–ion heat exchange.
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Figure 13: Absorption versus intensity for aluminium at 400 nm: simulation (Drude–
Sommerfeld and full model) against the Price et al. (1995) measurement. The upper axis
maps intensity to peak surface temperature; the shaded bands mark the degenerate, warm-
dense-matter, and Spitzer regimes.

Figure 14 shows the maximum plasma temperature against the laser intensity. The
experimental results in reasonable agreement with the Drude–Sommerfeld simulation.

5.6 Benchmark for an Integrated Simulation

Finally, an integrated simulation for a laser-driven foil was performed with HELIOS-CR. The
evolution of the electron temperature and mass density distributions was compared against
MULTI-fs results (Figures 4 and 5 of [6]). Figure 15 illustrates the simulation results for an
aluminum foil irradiated by a 150 fs, 1015 W/cm2 400-nm laser pulse with a sinusoidal time
profile. The simulations are in good quantitative agreement. Some differences in the results
are expected because the numerical implementation and the use of EOS tables may differ
substantially between HELIOS-CR and MULTI-fs.
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Figure 14: Maximum electron temperature versus intensity for aluminium at 400 nm: simu-
lation (Drude–Sommerfeld and full model) against the Price et al. (1995) measurement.
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Figure 15: Final electron temperature and mass density profiles for HELIOS-CR (color
plots) and MULTI-fs (black and white, from [6]) for an aluminum foil irradiated by a 150 fs,
1015 W/cm2 400-nm laser pulse.
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Figure 16: Conductivity benchmark for Section 3: Temperature-dependent conductivities
for Al with ρ=0.215 g/cc computed with different models.

Heat front propagation in initially cold plasma slab for different values of flux-limiter. is
applied to the left boundary of the slab.

Additional benchmark calculations for Section 5. Comparisons between HELIOS-
CR, MULTI-fs, and the analytic solution at room temperature are shown in Figure 26 at
1 g/cc density, and Figure 27 near the critical density of 0.25 g/cc. As density is lowered,
the oscillatory part of the solution becomes significant. In this case, widening the plasma
shows that the laser power still attenuates. Laser deposition for a 0.1 g/cc plasma is shown
in Figure 28 for (a) a 0.15-µm plasma, and (b) a 15-µm plasma, where the zoom inset shows
the oscillations still present in the decay. This shows that such oscillatory behavior is indeed
part of the solution to the differential equations. Similar agreement is seen at 1000 eV
temperature in Figure 29(a) at 0.1 g/cc density, and Figure 29(b) at the lower density of
0.01 g/cc. The 5% difference in some MULTI-fs plots can be explained by differences in
the physical constants used in that code. In order to minimize such differences, as well
as differences due to EOS tables, the electron density was hard-wired to those used in the
HELIOS-CR calculation.
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Figure 17: Same as Figure 16 for H with ρ=1 g/cc.
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Figure 18: Same as Figure 16 for C with ρ=1 g/cc.

27



Figure 19: Benchmarks for Section 3. Analytic solutions for temperature front propagation.
Constant density, specific heat, and conductivity K. Instantaneous δ-function heat source.
Analytic solution for planar geometry: T ∼ 1

(4πKt)1/2
· e−x2/(4Kt).
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Figure 20: Same as Figure 19. Analytic solution for spherical geometry: T ∼ 1

(4πKt)3/2
·

e−x2/(4Kt).
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Figure 21: Same as Figure 19. Time dependence of peak temperature for planar and spherical
geometries.

Figure 22: Same as Figure 20 for non-constant conductivity K ∼ T 5/2. Analytic solution
can be expressed in terms of Γ-functions and evaluated numerically.
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Figure 23: Benchmarks for Section 3. Analytic solutions for temperature front propagation
for plasma with constant density and specific heat. Conductivity K ∼ T 5/2. Constant
temperature source (hot dense slab) is applied to the left boundary of the slab. Self-similar
solution exists, which can be solved with a 2nd order ODE. Helios solution matches the
self-similar solution exactly (shown at 10 ps).

31



Figure 24: Benchmarks for Section 3. Heat front propagation in initially cold plasma slab
for different values of flux-limiter. Constant temperature source (hot dense slab) is applied
to the left boundary of the slab.

Figure 25: Same as Figure 24 for different flux-limiter options.
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Figure 26: Deposition of a 500 TW/cm2, 400-nm laser compared between HELIOS-CR,
MULTI-fs, and the analytic solution for constant plasma conditions for a room-temperature
aluminum plasma at 1 g/cc density, using the Drude-Sommerfeld νe model.

Figure 27: Deposition of a 500 TW/cm2, 400-nm laser compared between HELIOS-CR,
MULTI-fs, and the analytic solution for constant plasma conditions for a room-temperature
aluminum plasma at 0.25 g/cc density, using the Drude-Sommerfeld νe model.
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Figure 28: Deposition of a 500 TW/cm2, 400-nm laser compared between HELIOS-CR,
MULTI-fs, and the analytic solution for constant plasma conditions for a room-temperature
aluminum plasma at 0.1 g/cc density, using the Drude-Sommerfeld νe model, for plasma of
width (a) 0.15 µm, and (b) 15 µm.

Figure 29: Deposition of a 500 TW/cm2, 400-nm laser compared between HELIOS-CR,
MULTI-fs, and the analytic solution for constant plasma conditions for a 1000-eV aluminum
plasma, using the Drude-Sommerfeld νe model, at (a) 0.1 g/cc density of width 0.15 µm,
and (b) 0.01 g/cc density of width 150 µm.
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